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Linear First Order Differential Equation

m SeparableEquations

We arelookingfor y[x] that satisfiesthe equation; so we"separate” the x and y[x] to different sides and takeintegral of both
sides:

Example: _y%]_ =1syXl=2x= [yixidy = f2xd>§ >yixl=x2+c

Example: Zijgx] =1-3x> —{%— =2x(1-3%) = f%[[—;‘]]—dyz [2x(1-3%)dx= Ln(y[x]) = X2 - 2x3 +c=

y[X] = £x2—2x3+c =G ex2—2x3

m Solution using ssimpletechnique

General Form: x' [t] + P[t] x[t] = Q[t] (1)

Let: p[t] = /™04t multiplybothsidesof (1) by p[t] =
/Pt 1] 4 Pt] e/ P4 X t] = QIt] /P4 (2)
Recognizetheleftsideas(x[t] e/ 4!) so:

(xit] /P14y = Qrty 11 (3)

now takeintegral of bothsidestoget:

X[t] e/t = f Qle/Mdtgt+C =

[t /M gtC _ JQlpltlat+C
eJPtat - plt]

X[t] =

Example:
XTt] — 3x[t] = €%%; y[0] = 3
Pt = -3; Qit] = &% p[t] = /% = =3
[Qitlpltldt+C  [e?'e3tdt+C —et4C
= o] = -3t T Tt
—e '+ 4

X[0]=3:> C=4:>X[t]= W

=—e?'+ 4%
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m Solution Using LaplaceTransform

Definitionof LaplaceTransform: L {f[t]} = f e SU [t dt = Fs];
0

asotheinverse LaplaceTransformexists: L= {F[s]} = f[t]
Examplesof LaplaceTransforms:

fitl=1 = Fs = %(S> 0)

flt]=t= Fs] = —é21—(8> 0)

flt]=t"= Fg] = ?S%!—l—(s> 0)

r 1 c0
[:a:rl | (s>0) (Where I'x] = f el dtisthefamousGammafunction)
0

1
flt]=e* = Fls|= —— (s> 0
[t] = €% = F[s] S_a(S> )
aso(luckyfor us) LaplacetransformsareLinear Operations namelyfor a, beR:
L {af[t] + bg[t]} = aL {f[t]} + bL {g[t]}
Lastthingto knowhereisthetransformof derivativesiwithsomeconditions :
L {f'[t]} = sL {f[t]} - f[O]
Inthiscasewecansolvealinear differentialequation:
f[t] - 3f[t] = €% f[0] = 3
Stepl: Do Laplacetransformof both sides:

sL {f[t]} - f[O] - 3L {f[t]} =

fltl=t*(@a>-1) = Fg| =

—_— =
s-2
Step2: takingintoaccountthat theintial conditionf [0] = 3; wesolvefor L {f[t]}:
1
L{f[t]}(S—S) = —S—:—z— +3=
1

= +3 _ 4 1

Lfe) = s-3 s-3 s—2
Step3: Toknowf [t] wedoinverse Laplacetransform:
4

1
LY{Fsy= L {a - s——z} = f[t] = 4€°! — ¢ whichisexactly whatwegotinthepreviousexample.




