
Linear First Order Differential Equation

é Separable Equations

We are looking for y[x] that satisfies the equation; so we "separate" the x and y[x] to different sides and take integral of both 

sides: 
Example: y’@xDþþþþþþþþþþþþþ2 x = 1 Ã y’@xD = 2 x Ã ¾ y’@xD Ç y = ¾ 2 x Ç x Ã y@xD = x2 + c
Example: y’@xDþþþþþþþþþþþþþþþþþþþþþþ2 x y@xD = 1 - 3 x Ã y’@xDþþþþþþþþþþþþþy@xD = 2 x H1 - 3 xL Ã ¾ y’@xDþþþþþþþþþþþþþy@xD  Ç y = ¾ 2 x H1 - 3 xL Ç x Ã Ln Hy@xDL = x2 - 2 x3 + c Ã

y@xD = Èx2-2 x3+c = C0 Èx2-2 x3

é Solution using simple technique

GeneralForm: x’ @tD+ P@tD x@tD = Q@tD H1L
Let : r@tD = È¾ P@tD Çt; multiplybothsidesof  H1L by r@tD Ã

È¾ P@tD Çt x’@tD + P@tD È¾ P@tD Çt x@tD = Q@tD È¾ P@tD Çt H2L
Recognizethe left sideas Ix@tD È¾ P@tD ÇtM’ so :

Ix@tD È¾ P@tD ÇtM’= Q@tD È¾ P@tD Çt H3L
nowtakeintegralof bothsidesto get :

x@tD È¾ P@tD Çt = Å Q@tD È¾ P@tD Çt Ç t + C Ã

x@tD = ¾ Q@tD È¾ P@tD Çt  Çt+C
þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ

È¾ P@tD Çt = ¾ Q@tD r@tD Çt+C
þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ

r@tD

Example:
x’@tD - 3 x@tD = È2 t; y@0D = 3

P@tD = -3; Q@tD = È2 t; r@tD = È¾ P@tD Çt = È-3 t

x@tD =
¾ Q@tD r@tD Ç t + C
þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ

r@tD =
¾ È2 t È-3 t Ç t + C
þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ

È-3 t
=

-È-t + C
þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ

È-3 t

x@0D = 3 Ã C = 4 Ã x@tD =
-È-t + 4
þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ

È-3 t
= -È2 t + 4 È3 t
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é Solution Using Laplace Transform

Definitionof LaplaceTransform: L 8f@tD< = Å
0

�

È-s t f@tD Ç t = F@sD ;

also the inverse LaplaceTransformexists : L-1 8F@sD< = f@tD
Examplesof LaplaceTransforms:

f@tD = 1 Ã F@sD =
1
þþþþþþþ
s

Hs > 0L
f@tD = t Ã F@sD =

1
þþþþþþþþþ
s2

Hs > 0L
f@tD = tn Ã F@sD =

n!
þþþþþþþþþþþþþþþþ
sn+1

Hs > 0L
f@tD = ta Ha > -1L Ã F@sD =

G@a + 1D
þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ

sa+1
Hs > 0L Jwhere G@xD = Å

0

�

È-t tx-1 Ç t is the famousGammafunctionN
f@tD = Èat Ã F@sD =

1
þþþþþþþþþþþþþþþþþþþ
s - a

Hs > 0L
also Hluckyfor usL LaplacetransformsareLinearOperations; namelyfor a, b e R :

L 8a f@tD + b g@tD< = a L 8f@tD< + b L 8g@tD<
Last thingto knowhereis the transformof derivativesHwithsomeconditionsL :

L 8f’@tD< = s L 8f@tD< - f@0D
In thiscasewecansolvea lineardifferentialequation:

f ’@tD - 3 f@tD = È2 t; f@0D = 3
Step1: Do Laplacetransformof both sides :

s L 8f@tD< - f@0D - 3 L 8f@tD< =
1

þþþþþþþþþþþþþþþþþþþ
s - 2

Ã

Step2 : takinginto accountthat the intialconditionf@0D = 3; wesolvefor L 8f@tD< :

L 8f@tD< Hs - 3L =
1

þþþþþþþþþþþþþþþþþþþ
s - 2

+ 3 Ã

L 8f@tD< =
1þþþþþþþþþþþþs-2 + 3

þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ
s - 3

=
4

þþþþþþþþþþþþþþþþþþþ
s - 3

-
1

þþþþþþþþþþþþþþþþþþþ
s - 2

Ã

Step3: To knowf@tD wedo inverse Laplacetransform :

L-1 8F@sD< = L-1 9 4
þþþþþþþþþþþþþþþþþþþ
s - 3

-
1

þþþþþþþþþþþþþþþþþþþ
s - 2

= = f@tD = 4 È3 t - È2 t whichis exactly whatwegot in the previousexample.
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