Econ 101b - Answer Key to Problem Set 2

Jean-Philippe Stijns

I Question 1
Consider the productionfunction:

Y _ ( 5)0'5 gl-05
I

a. SupposeE=1, L =100, and K=64; what is output per worker Y/L?

( 64 )0'5 11-0.5
100

0.8

b. Suppose E=3,L=196, and K=49; what is output per worker Y/L?

( 49 )0'531-0.5= V3

196 2

0. 866025

Thewisdomto be gainedfromaand b isthat differencesin labor efficiency (i.e. technol ogical progress) can easily overweight
differencesin capital-laborratios.
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c. If both capital K and labor L double, what happensto total output Y ? (Not output per worker
Y/L, but total output.)

K \05 K \05
= [T) E1—0.5 =Y = (T) L E1—0.5 =Y = K0.5(L E)1—0.5

Y
L
| (2 K)0'5 (2 L E)1—0.5 = 20.5+l—0.5 K0.5 (L E)l—0.5 =2 K0.5 (L E)l—0.5 =2Y

Thus, if you doubleboth inputs, you doubleoutput. This productionfunctionthus has constant returnsto scale

d. Holding E=1, supposethat capital per worker increasesfrom 2to 4 and thenfrom 4to 6.
What happensto output per worker ?

| (2)0.5 11—0.5

| 1. 41421

| (4)0.5 11—0.5

|2.

Thusoutput per workerincreasedby:
| (4)0.5 11—0.5_ (2)0.5 11—0.5
| 0. 585786
Now,
| (6)0‘5 11—0.5
| 2.44949

Thusoutput per worker increasedby:
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| (6)0'5 11—0.5 _ (4)0.5 11—0.5

| 0. 44949

Thusby lessthan when the capital -outputwent up from4to 6.

Our productionfunctionisactually:

_ % _ (5)05_ K05

| f K] :

Pl ot [f [k], {k, 0, 20}]

5 10 15 20
Thisishow our productionfunctionlookslike; it obviously displaysdiminishingreturnsto capital and thusto the

capital-laborratio. In other words, increasingthe capital-laborratio improvesoutput per worker by progressivelydecreasing
amounts.

I Question 2.

Consider an economyin whichthe depreciationrateis 3% per year, the rate of populationincreaseis
1% per year, the rate of technol ogical progressis 1% per year, and the private savingsrate is 16% of
GDP. Supposethat the governmentincreasesits budget deficit--whichhad been at 1% of GDPfor a
long time--to 3.5% of GDP and keepsit thereindefinitely.
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a. What istheeffect of thisshift on the economy’ ssteady-statecapital-outputratio?
RecellthatS= S, + S;, i.e. national savingismadeof privatesavingand publicsaving.
Alsorecall that S=-(G-T)=-(BudgetDeficit)

S
Thuss = averagepropensityto save= v = —%—;Eg— = %5- + %i =S+

Thatisthenational propensitytosave s, isthesumof theprivatesavingsrate s,

andthebudgetdeficitasapercentageof output, ;.

.. _|§_ _ s _ Sp+Sg
Ongmdly’(Y)SSOId_ NQHS | NHGHS

0.16 -0.01
0.01+0.01+0.03

When the governmentincreasesits budget deficit--whichhad been at 1% of GDPfor along time--t03.5% of GDPand

keepsit thereindefinitely,(g)SSneN - ns'j;f-; =

0.16 - 0. 035
0.01+0.01+0.03

2.5

b. What istheeffect of thisshift on the economy’ ssteady stategrowth path for output per
wor ker?

(i) ( Sp+Sgnew )7 E a a @
L/thew _ \ ntgto ( S+ Synew )ﬁ 3 ( 0.16- 0.035)@ 3 ( 5)@
- S + Sgold 0.16-0.01 -

Thusoutput per worker at any point of timewill be higher than when the budget deficit as a percentageof GDPwasequal to
1% sinceweonly consider valuesof a € [0,1]
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c. Supposethat your forecast of output per wor ker 20 year sin thefuturehad been $100,000.
What isyour new forecast of output per worker twenty year shence?

Y
Y (T)HZO,new Y S+ Synew %a Y 5 1‘_’7
(r)t+20,ne\/v B (_Y_) (r)t+200|d - ( %J + %,0|d ) (r)t+20,0|d - (E) 100000
L /t+20,0ld
I Question 3.

Consider an economy with the productionfunction:

Y K \0.5 —1_0.
T:(T) EL-05

in whichthe depreciationrate on capital isthree percent per year, the rate of populationgrowthis one
percent per year, and the rate of growth of |abor-augmentingtechnologyis one percent per year.

a. Supposethat thesavingsrateisten percent of GDP. What isthe steady-statecapital-output
ratio? What isthe value of output per worker on the steady-stategr owth path writtenasa
function of thelevel of labor-augmentingtechnology E?

K S
(7)332 n+g+d -

0.01+0.01+0.03
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b. Supposethat the savingsrateisfifteen per cent of GDP. What isthe steady-state
capital-outputratio? What isthevalue of output per worker on the steady-stategr owth path
written asafunction of thelevel of labor-augmentingtechnology E?

K S
(_)ssz n+g+(5

0.15
0.01+0.01+0.03

(T), = (7) B =38

c. Supposethat the savingsrateistwenty per cent of GDP. What isthe steady-state
capital-outputratio? What isthevalue of output per worker on the steady-stategr owth path
written asafunction of thelevel of labor-augmentingtechnology E?

K S
(_ ss N+g+o

0.20
0.01+0.01+0.03

—] == =4E
( L /st Y B=4&
In conclusion, an increasein the savingsrate alwaysincreasesoutput per worker. Of coursethe maximumyou can saveis
100% of your incomeand an increasein ooutput per worker does not necessarilyimply an increasein consumptionper
worker (cf. GoldenRule.)
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I Question 4.

What happensto the steady-statecapital-outputratio if the rate of technol ogical progressincreases?
Would the steady-stategrowth path of output per worker for the economy shift upward, downward, or
remainin the sameposition?

s
(g+n+05)2

¢ The steady-statecapital-outputratio goesdownif the rate of technol ogical progressincreasesand
K

since( %)Sst = (7)) Ev thesteady — stategrowthpath of output per workerfor theeconomyshiftsdownward

Y

Toseewhyrecall that :

(£, Kq
( K ) =0 ra =n+g
Yt
Thuswhentherate of technical progressis faster, the capital stock needsto grow faster to maintainthe steady-state
capital-outputratio. But that impliesthat:

Ktz sYi—0Ki=(n+ o)} Ki  sYi—(n+ o)} Kt = 6Ky

Insteadystate sY:— (n+ g) Ky, grossinvestmentper unitof efficientlabor hasto matchdK;,
depreciation. Withdimishingmarginal returnsto capital, it’sgoingto beharderfor grossinvestmentto makeupfor
depreciationwhenthenumberof unitsof efficientlaborisgrowingfaster. Thereforealowerof capital —
outputratiowill besustainablein steady — state.

. E
However, since E- g

t
thesteady — stategrowthpath of output per workerisal somoremarkedlycurvedupwards
I .e. output per workerwill growfaster.
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I Question 5.

Discuss--thatis, writetwo paragraphseval uating--thefollowing proposition: " Anincreasein the
savingsrate will increasethe steady-statecapital output ratio, and so increaseboth output per worker
and the rate of economicgrowth both in thefirst few yearsafter the savingsrate hasincreasedand in
thevery long run aswell."

Anincreasein the savingsrate will definitelyincreasethe steady-stateoutput ratio sinceit will allow for higher gross
investment. Thiswill rai sethe steady-stategrowth path for output per worker.

Duringthetransitionto the new steady-state, output per worker will grow faster as the capital -outputratio convergesto its
new higher steady-state.However,in thelong-run, as the savingsrate as no effect on the rate of technological progress,
output per capitawill be growingat that latter rate.

¢ A changein the savingsratethus hasaleve effect but no growtheffect on output per capitain thelong-run.

I Question 6.

Would the steady-stategrowth path of output per worker for the economy shift upward, downward, or
remainthe sameif capital wereto becomemore durable--if the rate of depreciationon capital wereto
fal?

I S
(g+n+05)2

The steady-statecapital-outputratio goesdownif capital wereto becomemoredurable,i.e. if § increases,and
K

since( —I—)Sst = (7)o Eo thesteady — stategrowthpath of output per workerfor theeconomyshiftsdownward

Y

Obviously,if capital depreciatesfaster, it’ sgoing to be harder for grossinvestmentof unit of efficientlabor to makeup for
depreciation. Thus, alower capital-outputratio will be reachedin the new steady-state.
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I Question 7

Supposethat a sudden disaster--anepidemic, say--reducesa country’ spopul ationand labor force, but
does not affect its capital stock. Supposefurther that the economy was on its steady-stategrowth path
beforethe epidemic. What is theimmediateeffect of the epidemicon output per worker?On the total
economy-widelevel of output? What happens subsequently?

Y K \@
RecallthatT_— = (—L—) El?: thusif thelaborforcedecreases

thecapital — labor ratioincreaseswhichresultsin anincreasein output per worker. Indeed all of asudden
workersfindthemsel vesequippedwithmoremachines they arethereforemoreproductive

However,since Y =K(LE)~, whenthe labor force decreases, total output decreases. Lessof any input, alwaysmeans|ess
production, the marginal productivity of factorsof productionis alwayspositive(eventhoughit’ sdecreasing.)

K K
But now, v > (—Y—) sincetotal outputhasdecreased thecapital stock hasnot chnagedyet andnoneof thedeterminants
SS

of thesteady statecapital outputratioareassumedto havechanged. By thedefinitionof asteady state,
if thecapital — outputratioishigherthanitssteady statevalue it will convergebacktoitssteady statevalue
(K7Y)

K/Y < 0.

Y (K\ia
Butsincer = (7) ba E, outputperworkerwill alsostartto convergeback toitsoriginal steady stategrowthpath.

& QUESTION: Makesureyou can graphwhat’ sgoing on here (check your section notes afterwards.)
Get :: noopen : Cannot open C assroom. nb.

Get :: noopen : Cannot open O assroom. nb.



