Econ 101b - Answer Key to Problem Set 3

Jean-Philippe Sijns

I Question 1

Supposethat the economyis well-described by the Solow growth model,
with the diminishing-returns-to-capitalparameter a= 1/3, the depreciation
rate 6 = .04, the populationgrowth rate n=.02, and the rate of increase of
the efficiencyof labor g=.02.

¢ Reminder: the Solow growthmodel is nothing el se than the growth model presentedthroughout Chapter 4.

a. Supposethat the national savingsrates=0.24, 24% . What is the steady-state capital output
ratio?
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b. Supposethat increased investment incentivesand a lar ge gover nment budget sur plusboost
the
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c. Supposethat in the year 2000 the efficiency of labor E is $10,000a year. What isthelevel of
GDP per worker in 2000 if the economy is on the steady-stategrowth path givenin (a)? What is

thelevel of GDP per worker in 2030if the economy remainson the steady-stategr owth path
givenin (a)?
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To know what the efficiency of labor is equal to in 2030, we will haveto makeuse of differential equations. If
you need help on this, refer to J.P.’ sroughguideat:

http://mww.wel |.com/user/jeanphi/100b/DiffEqu.doc
or to Lutfi’ sguideat:
http://econ161.berkeley.edu/stijns/DE.Nb

What do we know about the efficiency of labor?

E
Et =g © & =gE o 4 E = gk thisisour differentialequationexceptthat wehaveaninitial conditionhere:
t
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d. How much, in percentageterms, isthe steady-stategrowth path given in (b) abovethe steady-state
growth path givenin (a)?
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i.e. output per worker will be approximatively15% higher under scenariob than under scenarioaat any given
point of time after the changein the savingsrate, assumingthe economyis on its steady state growth path.

e. At approximately what rate will the capital output ratio convergetowar dsits new steady state
valuein theyear in which the savingsrateis changed?

Recall from Chapter 4 that therate at whichthe capital-outputratio convergesto its steady-stateis:

KIYY _ (K/Y)s= (K/ Y)Y
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Thusthe capital -outputratio convergesto its steady-stateat arate of approximately1.8% of the proportional
differencebetweenthe steady-statecapital -outputratio and the current (here previoussteady-state) capital -output
ratio.
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f. At approximately what ratewill output per capitagrow in theyear in which the savingsrateis
changed?
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Thusoutput per worker convergesto its steady-stategrowth path at arate of approximately0.9% of the
proportional differencebetweenthe steady-statecapital -outputratio and the current (here previoussteady-state)
capital-outputratio.

¢ Noticethat output per worker convergesto its steady-stategrowth path at half the rate of at whichthe
capital-outputratio convergesto its steady-state.

I Question 2

Supposethat the economyis well-described by the Solow growth
model, with the

diminishing-returns-to-capitalparameter a= 1/4, the depreciationrate §
= .04, the population

growth rate n=.02, and the rate of increase of the efficiency of labor
g=.02.

¢ Reminder: the Solow growthmodel is nothing el se than the growth model presentedthroughout Chapter 4.
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a. Supposethat the national savingsrates=0.24, 24% . What isthe steady-state capital-output
ratio? If the efficiency of labor in year 2000 is equal to $20,000 a year, what isthe steady-state
growth path level of output per worker in 2000? What isthe steady-stategrowth path level of
consumption per worker in 2000?
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b. Supposethat the national savingsrates=0.32, 32% . What isthe steady-state capital-output
ratio? If the efficiency of labor in year 2000 is equal to $20,000 a year, what isthe steady-state
growth path level of output per worker in 2000? What isthe steady-stategrowth path level of
consumption per wor ker in 2000?
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(7)3;: n+g+ad -



PS-3-A.nb
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c¢. Can you explain why your level of consumption per worker in case (b) wasdifferent from
your level of consumption per worker in case (a)? Wasit lower or higher

Aswe can see consumptionper worker is lowerin case (b) thanin case (a) eventhoughthe higher savingsrate
has secured higher output per worker. Recall that the Golden Rule savingsrateis s=a. Sincea=1/4=.25, going
from (a) to (b), the savingswasrai sed way abovethe Golden Rule savingsrate. I ntuitively,increasingthe savings
awaysrai sesoutput per worker sincethe marginal productivity of capital is alwayspositive. However,the
marginal productivityof capital is decreasing, thus abovethe Golden Rulelevel of output per worker, the
increasein output per worker does not makeup anymorefor the associatedincreasein capital depreciationper
unit of effectivelabor. Doesconsumptionper worker, i.e. output per worker minusgrossinvestment per worker
actually goesdown.

I Question 3

Supposethat populationgrowth depends on the level of output per
worker, so that:

n = (.0001)x [(Y/L) - $200]

the populationgrowth rate n is zero if output per worker equals $200,
and that each $100increasein output per worker raises the population
growth rate by 1% per year. Supposealso that the economyis in its
Malthusianregime, so that the rate of increase of the efficiency of labor
E is zero and output per worker is given by:

(_E-)tz( =)™ Eo

n+dé
with the diminishing-returns-to-investmenparameter a = .5, with the

depreciationrate 6 = .04, and with the efficiency of labor Ey = $100.

a. Supposethat the savingsratesisequal to .08, 8% per year. Graph (on the same set of axes)
steady-stateoutput-per-worker (Y/L) asa function of the population growth rate n from equation
(2) and the population growth rate n asa function of output-per-worker (Y/L) from equation (1).

L et me denoteoutput per worker asy, and n asn[y], then (1) can be rewrittenas:

n{y] ==0.0001 (-200 +vy)
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Oncewe plug parametervaluesinto (2), it canwrittenas:

0.08 8
y:( )100@”:——.04
n+.04 y

Denotingagain output per worker asy, and n as n[y], then (1) can be rewrittenas

8
n == — -.04
‘ [y] y
L et’ splot these two functionswith output per worker on the x-axisand the rate of populationgrowthon the
y-axis.

Pl ot [ {E;.-.04, .0001 (y - 200)}, {y, 0, 1000},

PlotStyle -> {{RGBCol or [1, 0, 0]}, {RGBColor [0, 1, 0]1}},
AxeslLabel -> {"y", "n"}]

200 200 600 800 1000
Figurel

b. Wheredo thecurvescross? For what levels of output per worker Y/L and population growth n
istheeconomy (i) on its steady-statepath, and (ii) at its Malthusian rate of population growth?

The (acceptabl€)sol utionto this systemis (as can be seen just readingthe graph above):

8
Solve[ {n == 7—.04, n==.0001 (y - 200)}, {n, y}]

{n->0., vy - 200.}
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Thus, equilibriumin this model requiresoutput per worker of $200 and a constant population. Noticethat thisis
not so bizzareas below $200, populationgrowthis positiveand above $200, negative,implyingthat our solution
isstable.

c. Supposethat the savingsratewereto rise by an infinitesimal amount--say by one-hundredth of one
per centagepoint, from .08 to .0801. Calculateapproximately how the equilibrium position of the
economy would change. By how much --and in which dir ection-- would steady-stateoutputper wor ker
change? By how much --and in which direction-- would the population growth rate

change?

L et’ sgo back to our system of equationkeepingthiss opento takeany value:

n---0.04+ 2008

(1)
n==0.0001(-200+y) )

Thesolutionto (3) and (4) is:

{neO. 0001 (7300. +0.5 /40000. +4. x10%s ),
y 0.5 (-200. ++/40000. +4. x10°s )}

Thederivativewith respectto s of the solutionfor nis:

100.
+/40000. +4. x106s

Theresultingchangein n® isgoingcan beapproximatedoy ds n* As =

0. 0000166667

ThuswithAs = .0001, theresulting changeinn* isgoingto beapproximatly2 thousandsof apercent.

The derivativewith respectto s of the solutionfory is:

1. x106°
+/40000. +4. x106s

Theresultingchangeiny* canbeapproximatedby ds n* As =

0. 166667

ThuswithAs=.0001, theresulting changeiny* isgoingto beapproximatly$0.16.
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One can perhapsanswer this question more el egantly using the Implicit Function Theorem, but J.P. is getting
tired... And aswesay in French, "lafin justifieles moyens' or morecolorfully"qu’importda bouteillepourvu
gqueviennel’ivresse'.

I Question 4.

Supposethat the economyis well described by the Solow growth
model, with the

diminishing-returns-to-investmenfparameter a= 1/2, the depreciation
rate § = .03, the population

growth rate n=.01, and the rate of increase of the efficiency of labor
g=.01. Supposethat the

savingsrate s = 20 and that in year 2000 the efficiency of labor E is
$10,000.

a. What isthe steady-statecapital-output ratio?

—_ S —
)ss_ n+g+6

. 20
.01+.01+.03

b. What isthe steady-statelevel of output per worker Y/L in 20007

A

(_)t = (_)tlao’ E,. Thusinsteadystate,

@ a
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c. Supposethat actual output per worker in 2000 is $35,000. | s output per worker above or below
its steady-statevalue?

Below.

d. Usingthe approximationthat each year the economy closesa fraction:

(1-@) X (n + g + delta)

of the gap between its current level of output per worker and its steady-statevalue of output per
worker, calculate (approximately) what output per worker will bein 2001.

(I-a) (n+g+6)=

(1—%) (.01 +.01+.03)

| 0. 025

Thiseconomy closes2.5% of the gap in output per worker withits steady state growth path.
Y Y
l-a)(n+g+ 5)[(—L—)200Q$_ (_L-)Z ]=

| . 025 %5000

| 125.

This correspondsto an increasein output per worker of the order 125. Takingaccount of the usual increasein
labot efficiency (g) and of this closing of the gap:

Y
(T_—)zooo -
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| 35000 (1.01) + 125

| 35475.

e. Using the same approximation,what (approximately)will output per worker bein 20107?

A very roughway of approximatingoutput per workerin 2010is:
( Y

L )2010 -

| 35000 (1.01)'° + 125+ 10

| 39911. 8
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f. Do you think the above appr oximationfor mulaworkswell when we project far
into thefuture? Why or why not? (Phraseyour answer in termsof economics.)

It' sunlikely to be a good approximationif we project far into the future since the changein output dueto
convergenceis going to be decreasingas incomeper worker closesits gap with its steady state growth path. The
farther an economy is from steady-statethe stronger the convergenceforcesat work.

I Question5

Supposesomebodywho hasn’ttaken any economicscourses were to
ask you why humanity
escaped from the Malthusiantrap--of very low standards of living and
slow populationgrowth
rates that neverthelessput pressureon availablenatural resources and
kept output per worker
from rising--in which humanity found itself between the year 8000
B.C.E.and 1800. What
answer would you give? (One paragraphonly, please!)
Essentially, technol ogical progresswon the battle with M athusi andynamics. Given the fact that the popul ation
growthrate becomesa decreasingfunction of output per worker abovethelevel of output per worker which
definesthe demographictransition. Eventhough most of theincreasesin productivity had been absorbed by

increasesin the population,oncethe critical level of output per worker wasto be attai ned, humanity escapedthe
Malsthusiantrap.
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I Question 6

Supposesomebodywho hasn’ttaken any economicscourses were to
ask you why it is that

some countriesare so very,very much poorer than othersin the world
today. What answer would you give? (One paragraphonly, please!)

@ Oneview onecanhaveon thisisthat differencesin saving/ investmentrates (both termsin physical and human
capital) and populationgrowthrates explain about 80% of the differencesin output per worker accrosscountries.

@ Anotherview peoplehaveis that differencesin " Social Infrastruce"isthe ultimatedeterminantof all other
rel evant (but proximate) variablesdetermininga country’ seconomicfate; we' rethen back to somekind of
cultural explanationof productivitydifferencesala Veblen.

@ Third, one can takethe pragmaticview that alarge chunk of differencesin output per worker has been dueto
differencesin economicpolicy. For example, being or having been communistsystematicallyleavesa country
withalower level of productivity,ceterisparibus



